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Abstract 

We formulate the rules for dimensional reduction of a generic finite temperature gauge 
theory to a simpler three-dimensional effective bosonic theory in terms of a matching 
of Green's functions in the full and the effective theory, and present a computation 
of a generic set of 1- and 2-loop graphs needed for the application of these rules. As 
a concrete application we determine the explicit mapping of the physical parameters 
of the standard electroweak theory to a three-dimensional SU(2)xU(l) gauge-Higgs 
theory. We argue that this three-dimensional theory has a universal character and 
appears as an effective theory for many extensions of the Standard Model. 
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1 Introduction 



The properties of matter at high temperature are interesting for a number of experi- 
mental and cosmological apphcations. QCD at high temperature and density may be 
relevant for heavy ion collisions, while finite temperature phase transitions may play an 
important role in the evolution of the universe. In gauge theories, an entirely analytic 
perturbative study of the properties of high temperature matter is not possible due 
to the so called infrared problem in the thermodynamics of Yang-Mills fields A 
direct way to compute static equilibrium quantities at high temperature would be to 
do lattice Monte Carlo simulations in the 4d high temperature theory. However, in 
many interesting cases the use of the full 4d theory is difficult, if not impossible 0. 

These obstacles invoke a demand for a formalism which can solve in a constructive 
way the problems mentioned. Since a finite temperature equilibrium field theory is 
equivalent to a zero temperature Euclidean field theory with compact 4th dimension, 
the idea of the 4d 3d dimensional reduction is natural Dimensional reduc- 

tion means that some properties of the equilibrium high temperature plasma can be 
derived from a simpler 3d effective theory. The construction of the effective theory is 
free of IR problems. The 3d theory is purely bosonic, and may then be studied by 
non-perturbative methods, such as lattice MC simulations. In fact, the idea of dimen- 
sional reduction has been around for quite a long time 0, ^ . However, some concrete 
analytical results for the construction of the 3d effective theory have appeared only 
recently. They are relevant for the description of the high temperature electroweak 
phase transition |0],|]^-|TB[ and high temperature QCD |T^-|TP . 



The aim of the present paper is the formulation of the general rules of dimensional 
reduction in a constructive way. Namely, we present a set of 1-loop and 2-loop Feynman 
diagrams with the results of their computation which can be used for dimensional 
reduction in any gauge field theory. As an example we construct the 3d effective theory 
corresponding to the Standard Model of electroweak interactions. New elements here 
in comparison with [0] are the inclusion of fermions, and the direct relation of the 
parameters of the effective theory to the physical parameters of the EW theory (the 
physical Z and W boson, Higgs particle and top quark masses, the muon lifetime and the 
temperature). We also discuss the strategy for the derivation of the simplest possible 
effective theory for typical extensions of the electroweak theory, like the models with 
two Higgs doublets, and the Minimal Supersymmetric Standard Model. 

The paper is organized as follows. In Section 2 we formulate the general notion 
of dimensional reduction and analyse the expansion parameters involved there. In 
Section 3 we present the building blocks for the construction of the effective theory. 
Section 4 contains the dimensional reduction of the Standard Model. In Section 5 we 
relate the parameters in the MS scheme to the physical parameters, thus completing 
the relation of 3d couplings to temperature and observables. Section 6 is a discussion. 
We argue there that the effective theory of most of the extensions of Standard Model 
is just the SU(2)xU(l)+Higgs model. 
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2 Dimensional reduction 



The equilibrium properties of matter at high temperatures are related to Matsubara 
Green's functions of different field operators. By the concept of dimensional reduction 
we mean that with some accuracy, all the 4d static bosonic Green's functions in low 
energy domain (see below) can be computed with the help of some effective 3d field 
theory. Let us start with useful definitions. 

2.1 Superheavy, heavy and Ught modes 

In order to define dimensional reduction, consider a generic renormalizable field theory 
at high temperature containing gauge A^, scalar (p and fermionic fields ip, 

L = \f^uF^, + {D^<P)\D^<P) + + gvUi^ + 6L. (1) 

Here the group indices are suppressed, 5L contains the counterterms, and ^(0) is of 
the form0 

= m|0V + A(0W. (2) 

For power counting let us assume that X ^ and gy ~ g, where g, X and gy are the 
gauge, scalar, and Yukawa couplings, respectively. Write all 4d Matsubara fields in the 
form 

oo 

<P{x,r) = J2 0n(a;)exp(z^^r), (3) 

n=— oo 
oo 

'^{x,^)= J2 'ipn{x)exp{iujlT), (4) 

n=— oo 

where tu^ = 2miT, cu^ = (2n + 1)ttT are the 3d tree masses for the bosonic (0n) and 
fermionic (ipn) 3d fields. Consider the 1-loop corrections (for definiteness in the MS- 
scheme) to the masses of the static modes 0o from the modes 0n^o and ipn- In general, 
they have the form 

m2(T)=7,T2 + m2, 7, ~ (5) 

where mf is the zero-temperature mass of the scalar field evaluated at some scale fi^ 
(see below, and |]^). In general, m^(T) may be matrices, and in the discussion below 
we mean the eigenvalues of those. For the spatial components of the gauge fields 
7i = 0, mf = 0; for the temporal components of the gauge fields 7j 7^ 0, mf = 0; 
for the scalar fields 7^ 7^ 0, m? 7^ 0. Now, let us divide the masses into different 
categories depending on their magnitude at high temperature. The 3d masses of all 
fermionic modes and all bosonic modes with n 7^ are proportional to vrT, and we will 
call these modes superheavy. The masses of the temporal components of the gauge 
fields Aq are proportional to gT, and these modes are called heavy. The scalar fields 
can be separated in two different groups. If mf is different from —'jiT'^, the scalar 
mass is proportional to gT, and the field corresponding to this mass is "heavy" . In the 

^The analysis of the case when cubic terms are present goes along the same lines. 
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contrary, one may be close to a tree-level phase transition temperature so that 7jT^ 
and m? cancel each other. Then mf{T) ~ {g'^Ty, and we call this field "light". We 
denote a generic light scalar mass by m|. All spatial components of the gauge fields 
are "light" because for them 7^ = 0. 

After these definitions we are ready to explain the conjecture behind dimensional 
reduction. Two levels of dimensional reduction are usually considered. On the first level 
the effective theory is constructed for the light and heavy modes (superheavy modes 
are "integrated out"). The second level is the theory for the light modes only. In this 
paper we require the 3d Lagrangian of the effective theory to be super-renormalizable, 
so that scalar self-interactions are at most quartic. The super-renormalizable character 
introduces an absolute upper bound on the accuracy of the description of the 4d world 
by a 3d theory, to be discussed below. 

2.2 Two levels of dimensional reduction 

The theory for hght and heavy modes. This theory is valid up to momenta 
<C T, but k may be as large as gT. Consider a (super)renormalizable 3d gauge-Higgs 
theory with the Lagrangian 

L = ^F,,F,, + {D,(j))\D,<f)) + ^3(0, Ao) + ^{D^AoY + 6L, (6) 

where Vs{(j), Aq) is of the form 

^3(0, Ao) = + A3(0V)' + /i30V^o + \^lAl + \\aAI. (7) 

The gauge couplings g^, have the dimension GeV^/^ and the scalar couplings A3 the 
dimension GeV. To leading order, the parameter ~ gT is nothing but the De- 
bye mass. Consider bosonic static n-point one-particle-irreducible Matsubara Green's 
functions G^^\ki) for the light and heavy fields in the full 4d theory, multiplied by fac- 
tor to have the dimension GeV^~"/^, and depending on external 3- momenta fc,. 
The statement of dimensional reduction is that there is a mapping of the temperature 
and the 4d coupling constants of the underlying theory to the 3d theory such that the 
3d theory gives the same light and heavy Green's functions as the full 4d theory for 
k < gT up to terms of order 0((?^), 

-^-0{g'). (8) 

Fourth order in g appears from a powercounting estimate of the contributions of the 
neglected 6-dimensional operators to typical Green's functions. For example, the op- 
erator g^cfP'A^/T'^ contributes to the 2-point scalar correlator at order g^mj^ ~ g^T"^- 
Since the order of magnitude of m| is g^T"^, the relative error is Olg'^). The same esti- 
mate arises by comparing the contribution of the neglected operator g'^ik'^ /T'^)(fP' to the 
tree-level term fc^ at momenta k ~ gT. To reach the accuracy goal (^, the parameters 
of the 3d theory should be known with relative uncertainty 0{g^), which means 1-loop 
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accuracy \T{g'^ + g^)] for the coupling constants, 2- loop accuracy [T^((7^ + g*)] for the 
heavy masses, and 3-loop accuracy [rn? + T^{g^ + 9^ + 9^)] for the light scalar masses. 
Some comments are now in order. 

(i) The problem of constructing an effective 3d theory giving an accuracy better than 
0{g^) for all Green's functions is far from being trivial (if possible at all). It is clear, 
though, that if the theory exists, it must contain 6-dimensional operators, and the 
4d-3d mapping for the light scalar modes must be done beyond 3-loop level. 

(ii) Often dimensional reduction is done on the tree-level for the couplings and 1-loop 
level for the masses, i.e., at order g^. This 3d theory reproduces the 1-loop resummed 



effective potential for the Higgs field pO|, 0, However, the relative uncertainty in 
the mass squared of the light scalar field is Ami /ml ~ since the tree- level mass 

term is compensated for by the 1-loop thermal correction near the phase transition. 
Hence AG/G ~ 0(1), and from the point of view of calculating general correlators, 
the theory is useless. To obtain the minimal useful accuracy O^g"^), one should go to 
the 2-loop order g'^ in the scalar mass parameter. A more complete g'^ calculation, 
including 1-loop dimensional reduction [T{g^ + g^)] for the couplings coupled to the 
scalar fields, 1-loop dimensional reduction [T^g"^] for the heavy masses, and 2-loop 
dimensional reduction [m^ +T'^[g'^ + g'^)] for the scalar mass, is needed [0 to reproduce 



the resummed 2-loop effective potential for the Higgs field |23|, The accuracy 

g^ corresponds to 1-loop accuracy in vacuum renormalization, and we will work with 
this accuracy throughout this paper. In a weakly coupled theory, the relative error 
0{g'^) ~ gf^/lGTT^ of the (^^-calculation is numerically very small. In the Standard 
Model, the largest contributions arise from the top quark. 

(iii) For some quantities, such as the critical temperature and the observables in the 
broken phase, the g^ computation described in (ii) gives a relative error of order 0{g'^). 
Consider now the second level of dimensional reduction. 

The theory for light modes only. This theory is valid up to momenta k <C gT, 
but k may be as large as g^T . The Lagrangian for this theory is just 

L = ^Fi^F,^ + (A0)^(A0) + Vs{(P), (9) 
where V3(0) is of the form 

r3(0)=m20V + A3(0V)'- (10) 
Only light scalar fields are present. The effective field theory can provide the accuracy 

AG 



G 



0(9'). (11) 



This estimate arises as follows: there are neglected 6-dimensional operators of the 
form g^T (p^ / m\^^^y ~ g^cjJ^ /T'^, contributing to the two-point scalar correlator at order 
g^ml ~ g'^T'^- This should be compared with m| ~ g^T"^- Note that in contrast to 
the integration over the superheavy scale, odd powers of coupling constants appear, 
since mheavy ~ 9T. To reach the accuracy (pJ]) one must know A3 in eq. (0) including 



corrections of order g T and mi including corrections of order g T . 
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Comments analogous to the above are applicable to the second level of dimensional 
reduction: 

(ii) To go beyond the accuracy 0{g^), the 6-dimensional operators must be included in 
the Lagrangian and light scalar masses must be computed at least with accuracy g'^T'^. 

(ii) In practice, it is convenient to do the integration over the heavy scale to the same 
order in the loop expansion as the integration over the superheavy scale. This means 
1-loop level [T((7^ + g^)] for the couplings and 2-loop level [m| + T'^{g^ + g^)] for the 
scalar mass squared m|. The relative error in the couplings is then 0{g^). In 777.3, 
the relative error is 0{g), which is also the relative error in the Green's functions. 
Numerically, 0{g) ~ g/4:7r is small in a weakly coupled theory. Note that since the 
theory in eq. (|^) is purely bosonic, there are no large fermionic corrections. 

(iii) The procedure described in (ii) provides 0{g^) accuracy in the critical temperature 
and the broken phase observables. 

Concrete numerical estimates of the accuracy of the effective field theory depend on 
the observable and on the details of the model. Some estimates for the electroweak 
theory were presented in |^, ^, and we add some more in Section 5.4. 

2.3 Dimensional reduction by matching 

The definition of dimensional reduction described above provides a method of map- 
ping the 4d theory on the 3d one. One just writes down the most general 3d super- 
renormalizable Lagrangian for the heavy and light modes, and defines its parameters 
by matching to a specified accuracy the 2-, 3-, and 4-point Green's functions in the 3d 
effective theory and in the underlying 4d fundamental theory. The Green's functions 
to be matched correspond to those appearing in the 3d Lagrangian. For the 2-point 
functions one needs the momentum dependent part, but the 4-point functions may be 
taken at vanishing external momenta. Due to gauge invariance, the 3-point functions 
are not needed at all. The scalar Green's functions with vanishing momenta are most 
conveniently generated from an effective potential. 

Consider in some more detail the renormalized 2-point function for the light scalar 
field. In the full 4d theory, it is of the form 

A;' + 777| + U{k^) = + 777| + U^ik^) + TT(A;'), (12) 

and we want to match it to the corresponding function in the 3d theory: 

e + ml + UsiP). (13) 

Here Uslk"^) is the contribution of the light and heavy modes only, and n(fc^) represents 
all other contributions (corresponding 2-loop graphs contain at least 2 superheavy 
lines)0. Since there are no IR-problems related to the integration over the superheavy 
modes, Il{k^) is analytic in the external momentum k"^, and can for -C T be expanded 

^To be precise, one must use resummation to produce the correct n3(fc^) in eq. (|l2|); however, this 
is not relevant for the present argument. 
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as 

T[{e) = m+Tt{Q)e + o{g'^). (14) 

Here the II's are of order g'^ and if we restrict to A; < gT, the higher-order contributions 
0(g^k'^ /T'^) are at most of order g^T'^ and can be neglected. Assuming that 11(0) has 
been calculated to 2-loop accuracy 

[T'^ig^ + g'^)] and H (0) to 1-loop accuracy g"^, one 
can rewrite the right-hand-side of eq. (|12]) as 



[1 + n'(o)]{A;2 + [ml + n(o)][i - n'(o)] + Mk')}, (15) 

where U^lk"^) is of order g'^Tmn ~ g^T'^ and only terms up to order g'^T'^ are kept. The 
matching of eqs. (|13D and (p!5D can now be carried out by relating the normalizations 
of the fields in 3d and 4d through 



^3d = ^[i + n'(o)]0L (16) 



and by relating the masses as 

mH[m| + n(0)][l-n'(0)], (17) 

which is the order g'^ result for 777.3. The other coupling constants can be fixed similarly, 
using the appropriate correlators and taking always into account the different normal- 
izations of the fields in 4d and 3d. The 3d theory relevant for the Standard Model is 
constructed in this way in Sec. 

The general structure of the relationships of the 4d and 3d parameters is determined 
by the super-renormalizable character of the 3d theory. The 4d couplings and masses 
are functions of the 4d MS parameter /i4, but the 3d scalar and gauge coupling constants 
are renormalization group (RG) invariant, since the 3d theory contains only mass 
divergences. For example, on the 1-loop level the relationships of the 4d and 3d coupling 
constants must have the form 

gl = T[g\ii^) - (3g2 log(/X4/c,2T)], A3 = T[A(/i4) - Px\og{ix^/cxT)], (18) 

where Cg2 and cx are definite fixed functions of physical parameters computable in 
perturbation theory (see below), and the /3's are the corresponding /3-functions. The 
scalar masses in the effective 3d theory, on the other hand, are not RG-invariant, 
but require ultraviolet renormalization on the 2-loop level. Just dimensionally, the 
renormalized mass parameters are of the form 

^lif^s) = TT^hm log — , (19) 

lOTT^ /i3 

where f2m ~ gt- For clarity, let us point out that /is in eq. (|T9D is independent of 
the /i4 of the 4d theory, since the bare mass parameter produced by the dimensional 
reduction step is RG-invariant. In Sec. |] we present a set of rules, together with a 
computation of the necessary Feynman diagrams, allowing one to define the mapping 
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of 4d on 3d (at 1-loop level for coupling constants and 2-loop level for masses) for an 
arbitrary gauge theory. 

An important comment is now in order. The matching procedure of dimensional 
reduction described above is different from the initial method of dimensional reduc- 
tion which is defined as the sequence of the following steps: 

(i) Define a 3d bosonic effective action as 

exp{-Sc{i) = J D'ijjD(f)n^oexp{-S), (20) 

where integration over all superheavy modes is performed. 

(ii) Make a perturbative computation of Ses and represent it in the form 

5eff = cVT' + f d\U^{T) + Y.% (21) 

where Les{T) is a renormalizable 3d effective bosonic Lagrangian with temperature- 
dependent constants, On are operators of dimensionality n, suppressed by powers of 
temperature, c is a number related to the number of degrees of freedom of the theory 
and V is the volume of the system. 

(iii) Drop all the terms 0„. The effective action contains then light and heavy fields. 
The final step is the integration over the heavy modes in a way described in (i). 



The difficulties with the procedure described above, arising at 2-loop level, have been 
pointed out, e.g., in |2^. The problems are due to steps (ii) and (iii), since step (i) 
produces non-local operators which cannot be expanded in powers of j9^/T^. In terms 
of graphs, in the procedure of eq. ( PO] ) the internal lines of the Feynman diagrams are 
always superheavy (or heavy). For example, the only scalar diagram contributing to 
the scalar mass renormalization on the 2-loop level is shown in Fig. |l[a. In the Green's 
function approach the extra graph in Fig. |l].b, containing two superheavy and one light 
internal lines appears. As is pointed out in this diagram does not vanish in the high 
temperature limit, and therefore, gives a contribution to the 3d mass. Physically, the 
reason is that light fields can have high momenta p ~ T when they interact with the 
superheavy fields. The need to include light fields in the internal lines of many-loop 
graphs in order to establish a useful local effective field theory, is also well known in 
the context of large-mass expansion in zero-temperature field theory (see, e.g., \^% ). 

When we speak of "integrating over" the superheavy or heavy scale below, we always 
mean the matching procedure for the Green's functions described in this Section. 



3 Building blocks for dimensional reduction 

In this Section, we give results for the typical diagrams appearing in the construction 
of the effective 3d theory. We account here for the momentum integrations and spin 
contractions; the isospin contractions, combinatorial factors, and coupling constants 
relevant for the Standard Model are added in Sec. ^. We work in Landau gauge, where 
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the vector propagators are transversal. The wave function normahzation factors relat- 
ing the 4d and 3d fields depend on the gauge condition , but the final parameters of 
3d theory are gauge-independent at least to the order in which we are working ||. 
Landau-gauge is a convenient choice since it reduces the number of diagrams consid- 
erably: an external scalar leg with vanishing momentum cannot directly couple to a 
vector field, since the vertex is proportional to the loop momentum, and hence gives 
zero when contracted with the transversal vector propagator. 

We will work throughout in Euclidian space. The conventions for the Euclidian 7- 
matrices 7^ in terms of the Minkowskian matrices 7^^ are that 70 = 7°, 7i = — «7*. The 
main properties are 7^^ = 7^, {7^, 'j^} = Tr 7^ = 0, Tr 1 = 4. Due to the relations 
t = —IT and = iAq between Minkowskian and Euclidian variables, the covariant 
derivative is i'y'^D^ = —^^D^. The matrix 75 satisfies 

{7m>75} = 0, 75 = 1, 

Tr75 = Tr757/,7i, = 0, Tr757^7j.7^7p oc e^,.p^. (22) 

We define qr^l = (1 ± 75)/2. 

The general form of the theory is the following. There are scalars 0, vector fields A^, 
ghosts ?7°, and fermions if). In the symmetric phase, only the scalar fields have a mass 
parameter; any mass parameters are inessential to dimensional reduction, though, since 
we assume m ~ gT so that masses contribute at higher order . The propagators are 

-1 5 _ 

+ rrig p'^ 

mv)v\v)) = -— {Mp)Mp)) = ^- (23) 

Defining 



Ft,up{p, q, r) = 5^p{pu - r^) + 5pu{r^ - q^) + 5^^{qp - Pp), (24) 

labcd rabeccde/s. X S } 



Gtt = r''r''iS,Jup-6pp6,^) + {b^c,u^a) + {b^d,u^p), 



where /"^'^ is antisymmetric, the theory has the following types of vertices. The self- 
interactions of vector fields are due to vertices of the form 

tgr'"'Fp,p{p,q,r)A;{p)Al{q)A'^^{r), ^^?r'W(p)4(g)r/=(r), 
g^G^A-^AlAlAl,. (25) 

In the actual calculation one only needs the expression 

G'^pZ; = r'r'\25p,5^p - bpj^p - 6pp6,,), (26) 

where a is not summed over, so that the isospin part separates for the quartic vertex 
as it does for the cubic one. Fermions interact through vertices of the type 

igip-fpApaLilJ, igtjj'ypAp^jj, gyil^H^ 5'yV'75<^V', (27) 
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and the scalar vertices are of the form 

A0^ ig{p,-r^)<P{p)A^{q)<P{r), g^^A^A^. (28) 

In the above formulas, momentum conservation is implied. The isospin indices are 
suppressed in eqs. ( pTf ) and (^). It turns out that for the calculations in this paper 
it is sufficient to treat explicitly only the first and third vertex in eq. (^), since the 
other two give results differing only by trivial numerical coefficients. 

In addition to the renormalized vertices, one needs counterterms. The wave function 
counterterms are denoted by bZs = Zs — 1 (and similarly for the other fields), where 

<f)B = Z'J^<j), Ab = Z\!^A, tljL,B = {Z^y^^^L, ^R,B = {Z§f/^ijR (29) 

and iIjl{r) = 0'L{r)'4^- The only mass counterterm in the symmetric phase is 5m|. In 
the broken phase, the shift in the scalar field generates mass counterterms for vectors 
and fermions, as well. The coupling constant counterterms are denoted by 5g^, 5 A and 
5gY, and are defined by 

gUlAl = (/ + Sg')<p'A', \b^% = (A + 5A)0^ 

gY,B'ipB(pB'ipB = {gv + 6gY)i^4>i^. (30) 



3.1 Integration over the superheavy scale 

In this Section we construct a local 3d effective field theory which contains the bosonic 
n = Matsubara modes only, and produces the same static Green's functions as the 
full 4d theory with the required accuracy. As explained in Sec. H, the recipe is to 
first identify the general structure of the effective theory, and then to compare static 
correlators calculated from the 3d and 4d theories. The structure of the effective theory 
differs from the tree-level action for n = modes in the 4d theory in that the absence 
of Lorentz symmetry allows the temporal components of the gauge fields to develop 
mass terms and quartic self-interactions. At 1-loop level, the construction of the 3d 
theory proceeds simply by calculating the effect of fermions and n ^ bosons to two-, 
three-, and four-point correlators of the static modes. At 2-loop level, there can be 
n = modes in the loops, as well, and hence one must carefully compare the correlators 



in the two theories. In Sec. 3.1.2 we calculate how the 3d fields are related to the 4d 



fields, in Sec. ^.1.3| we compute the effective couplings of the gauge sector, in Sec. |3.1.4 



we address the fundamental scalar sector, and in Sec. |3.1.5| we study the adjoint scalar 



sector, which is composed of the temporal components of the gauge fields. 



3.1.1 Notation and basic integrals 

To give results for the diagrams appearing in the integration over the superheavy fields, 
we use the following notation: 




ci = 3 - 2e, 



9 



Pb 

cb 



ln|^ + 27s-21n2 



lE 



ln(47r) 
1 9 



. C(2) 
1.953808, cf 

2 



In 



{2n + l)7rT, k 



in 



C'(2) 
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Cb - 21n2 



C(2) 
0.567514 



-27, 



e(0,A;), 
-0.348725, 



1^ ^ ~ 2cf, 



11 11 

- = - + L6, - = - + L/. 31 

eb e ef e 



The theory is regularized in the MS-scheme, fi is the corresponding scale parameter. 

The basic integrals appearing in 1-loop integration over the superheavy modes are 
the following. The fermionic and bosonic tadpole integrals, to the accuracy they are 
needed, are |^| 



(m) 



1 



P6 + 
1 



-2e 



-2e 



rp2 

12 



:i + e% 



m 



Pf 



"24 



1 + efze 



167r2 
- 21n2 



m 



167r2 



(32) 
(33) 



Taking derivatives with respect to mass squared and temperature in eqs. (p2|), (p3D, 
one can derive other integrals. In the end one can put the masses in the propagators 
to zero, since the integrals over superheavy modes are analytic in the mass parameters, 
and hence the effect of higher orders is suppressed by m^/T^. The dependence on 
external momenta is likewise analytic, and can be expanded in fc^/T^. Since all the 
parameters of the effective theory are at most of order gT, higher order contributions 
in fc^/T^ can only produce contributions suppressed by coupling constants. The masses 
will play a role only in Sec. |3.1.4| , where we calculate integrals over superheavy modes 
not directly, but by using the effective potential; the needed integrals are given there. 
The required massless integrals are 



ib{p 



,2^2 



1 1 

IGtt^ eh ' 



•^aP — 



wp^{p + ky 

PccPl3 



'^tp'^ip + ky 



1 1 

IGvr^ eft 

' PaPlB 
(p2)2 



Pb 



00 



167r2 



- 1 - 



1 1 
12^ ^ 6 

k^kj \ k / \ 



-"-a/3 — 



A;2 

PaPp 



167r2 Vl2efe 



levr'^ ' ' 



1 

4eft 



(34) 



00 



1 1 

4^^ 2 
1 



167r2 \Atb 
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Here we did not write /x"^"^ explicitly and neglected the higher-order contributions 
in fc^/T^. For the fermionic case one simply replaces l/e^ by 1/e/ everywhere in eq. (p4D. 

3.1.2 Wave function normalization 

Let us calculate how the 3d fields are related to the 4d fields. This is to be done on 
1-loop level. In practice, one has to calculate the contribution of the superheavy modes 
to the momentum-dependent part of the two-point correlator of the light and heavy 
modes. Indeed, the contribution of the light and heavy modes is the same in the full 
theory and the effective theory, whereas the contribution of the superheavy modes can 
be produced in the effective theory only by a different normalization of the fields. 

The generic diagrams needed for the scalar correlator, and for the temporal and 
spatial components of the vector correlator, are shown in Figs, ^a and §.b. To de- 
termine the wave function normalization factor, one needs only the parts proportional 
to fc^ from these diagrams. We identify the diagram by the types of propagators that 
appear in it, S, V, F, and 77 denoting the scalar, vector, fermion and ghost propagators. 
Counterterm contributions are denoted by CT. After some simple algebra one gets for 
the diagrams of Fig. g.a the results 

Z^T = k''5Zs. (35) 



jrq> 



Pb 



^FF 



3 

" 1 



4fc^i?^-4A:.fc,irJ, = ^-l, (36) 



Pf p^ip + ky 

When the correct coefficients are taken into account, the counterterm contribution 
ZQr^ cancels the 1/e-parts from the two other contributions, since there is no wave- 
function renormalization in the 3d theory. The remaining L;,- and Lj-terms determine 
the relation of the 3d fields to the 4d fields. Explicit expressions for the EW theory 
are given in Sec. ^ 

For the vector correlator, the spatial and temporal components have to be calculated 
separately. For the spatial components, one only needs to calculate the transversal part, 
and hence the longitudinal part is not displayed below. The symbols , -ft'fj mean 
the transversal parts of J^p K^j in eq. (0). The diagrams in Fig. ^.b give 

Z^^ = P6Zv, (38) 
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^ ^' (2po)(2po) 

ss 



^SS 



Z. 



'Pb [p^ + ml] [{p + ky + m|] 

"""O" I671A 3e, 3 J' 

£ (2p, + fc,)(2p, + fc,) 
^6 [p2 + m|] [(p + + m|] 



e f I 1 



■^"^ ~ 167r2 I 1266 6 
£pApi + k^ 

jHT) _ (. _kkj_\^f l_ 

V'' fc2 J 167r2 ^ 12e, 

Ti[i^'joaL][iip j- k)-foaL] 



'^^ if p'^{p + ky 



r 2pl - 5oa{p^ + p ■ k) 

% P\p + kf 

f 9 , P / 2 2^ 

-AJL - k^B'f = + - 

°° ^ levrA 3ef 3. 

TT[i:^-fiaL] [i{p j- kYljai] 



r 2piPj + pikj + pjfcj - ^jj(p2 +p-k) 



if p'^{p + ky 



To give the two remaining contributions Zyy and ^vv, we note that 
where, apart from terms proportional to k^ 



M^u = [^c^l^ - ) [^^P jF^aa{k,p,-p- k)F^f3p{k,p 
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p'^ + {p + kY + 4P 5^,^ + (10 - 8e)pf,p^ 



{p^ + 2p ■ kf5^^ ~{p^ + 2p-k- k^)p^,p. 



+ 



p'^(p + ky 



k%p, . (47) 



Here we utilized the symmetry of the integrand in the change p —p — k. The results 
for the fc^-terms can then be seen to be 



VV 



^VV 
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k^ /25 1 
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b{T) 
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(4J 



+2k'K: 



2 T^M^) 



5i 



kj^kj\ k /' 25 1 2 



fc2 y 167r2 V 6 ef, 3 

b(T) 



(49) 



The constant 2/3 in eq. (59) comes from — SeJj- . When all the contributions are 



summed together with the correct coefficients, the counterterm contributions Zq^^ again 
cancel the 1 / e-parts. 



3.1.3 The couplings of the gauge sector 

To calculate the couplings of the gauge sector, one has to study some vertex to which 
the gauge fields couple. The spatial gauge fields feel only one coupling constant yf 
due to gauge invariance. The interaction of the temporal components of the gauge 
fields with the other scalar fields is not protected by gauge invariance, and hence the 
corresponding couplings may differ from g^. We calculate the couplings related to 
the gauge fields from a four-point correlator, since the external momenta may then be 
assumed to be zero. In practice, it is most convenient to choose the (00y4y4)-correlator, 
since then one gets the two couplings related to the {(f)(j)AiAj)- and (0(/)yloAo) -vertices 
from almost the same calculations. The diagrams needed are shown in Fig. ^. The 
results are {Qq is the tree-level contribution) 



5^0 



(50) 



^SS 



qA, 



qAo 



BL 



1 1 



Pb 



(p2)2 167r2efe' 



- dijB^ - 



Pb 



(p2)2 

(5oo - 



167r2 et' 



(51) 
(52) 
(53) 



Pb 



{p 



.2\2 



(54) 
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ysY — 



»sss 



»sss 



qAq 



pAi 



(55) 



p2 J \Oav p2 ) / OA A 

4(l-.)B; + 2A^^^(?i-3), 
= 4(l-.W« + 2i.-A,(Hi-4). 



nAi _ 
»VV — 



(56) 



(57) 
(58) 
(59) 



^^2)3" ^Fo^.(0,p, -p)Fo,,(0,p, -p) 

(60) 



" ijxa 



(0,p, -p)F_,vp(0,p, -p) 



(61) 



^^FFFF = ^^^^Tr[(i]/)(i:^)(ij/7oaL)(ii/7oaL)] 

„ r>„2 1: 1 



= 2 



(p2)3 -4^00 2i^/-^g^2l, 



- + 2^ 



(62) 



^FFFF — 2 



'Pf ip') 

- % (p2)3 -^^^^■-2^^'^^^ -i6^r^ 



(63) 



contributions Qqt^, Qq^ cancel the 1/e-parts from the other contribu- 
is no couphng constant renormahzation in the 3d theory. The final 



The counterterm contriDu^^v^^^^ ^ui'; ^ci ■ 
tions, since there is no coupling constant 
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result for the 3d couplings then consists of the tree-level result corrected by logarithmic 
terms and constants. 



3.1.4 The couplings of the fundamental scalar sector 

To derive the 3d mass and self-coupling of the 0-field, one has to calculate the effect 
of the superheavy modes on the two- and four-point scalar correlators with vanishing 
external momenta. These contributions can most easily be derived by calculating the 
effective potential V{(p) for the scalar field, and extracting from it the part coming from 
the superheavy modes. The effective potential contains the one-particle-irreducible 
Green's functions at vanishing external momenta through V{(p) = J2n{^/^^-)Gn^"', 
so that the terms quadratic and quartic in give the two- and four-point correlators. 
The usefulness of V{(p) lies in the fact that the combinatorial factors associated with 
it are simpler than those associated with a direct evaluation of Feynman diagrams. 

Since the superheavy modes do not suffer from IR-problems, their contribution to 
the effective potential is analytic in the mass parameters appearing in the propagators. 
In contrast to the direct evaluation of superheavy contributions in the previous sec- 
tions, the masses cannot here be neglected, though, but are quite essential: the mass 
parameters depend quadratically on the shifted field so that terms of the form T^m^, 
determine the two- and four-point scalar correlators. To get the quartic coupling, 
it is enough to extract the m^-term from the 1-loop effective potential. For the mass 
parameter m|, however, one needs a 2-loop calculation. 

Let us note that to get the correct result to order for V{ip) actually requires 



resummation p3[. This can be done by adding and subtracting from the Lagrangian 



the 1-loop thermal mass terms 

n<^(o)0(o, ^)0(o, -k), inAo(o)Ao(o, fc)Ao(o, -k), (64) 

where the bar indicates that only contributions from the superheavy modes are in- 
cluded. The terms added to £ with plus-signs are treated as tree-level masses, whereas 
the terms subtracted with minus-signs are treated as counterterms. For the present 
problem, however, resummation is inessential, since it affects only the contributions 
coming from the n = 0-modes. In other words, it is sufficient to know which contri- 
butions to V{(p) come from 3d, but the exact expressions are not needed. Hence the 
thermal corrections to masses may be neglected, allowing one to treat the temporal 
and spatial components of the gauge fields as having the same mass, which simpli- 
fies the expressions somewhat. Just for cosmetic reasons, one might wish to calculate 
the 1-loop contributions from the thermal counterterms, though, since they cancel the 
linear terms of the form mT^ in the unresummed 2-loop V{(p), see below. 

To calculate V{ip), one shifts — > + v?, neglects linear terms, and calculates all 
the one-particle-irreducible vacuum diagrams. The masses of the scalar, vector and 
fermion fields, respectively, are of the form 

= m| + riiXip"^, = n2g^ip^, m'j = n^gyip'^, (65) 
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where ni, n2, are some numerical factors. The propagators in eq. (^) change ac- 
cordingly. The ghosts remain massless in Landau gauge. The shift generates mass 
counterterms ((5m^, and 6mf) from the corresponding couphng constant coun- 

terterms, as well. 



To calculate the 1-loop contribution to V{(p), one needs the integrals 



Jh(m) 



Jf{m) 



1 

2 jp^ 
1 

2jpf 



T ln(p^ + m^) = /i" 

Jvt 



2e 



2e 



24 



m T 
127r 



m /I 
64^ U 



m 

64^ 



The terms suppressed by and neglected in eq. 



1 

e 

are 



m \ 



(66) 



(6) 



C(3) ^(6) _ 7C(3) 



7687r4 T2 



7687r4 T2 



(67) 



and give the higher order operators discussed in Sec. |5]J. In the 3d theory, the integral 
corresponding to Jhijn) is 



(27r 



127r 



(68) 



which is just a part of Jbijn). With these integrals, one can write the typical scalar, 
vector and fermion contributions Csijn), Cy(M) and Cpimj) to Vi[ip), and separate 
from these the 3d-part. The massless ghosts do not contribute. The results are 
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24 



647r2 



(69) 
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I ,.-2e 



Ci.(m^) = 4 



In det — 

'Pf '^i 



-2e 
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167r2 



647r2 
-4Jj(m/ 



- + 

e 



- + 3L, 
e 



(3-2e)J;,(M) 
2' 



(70) 



(71) 



where C^^ and Cy' are the corresponding integrals in the 3d theory. The 1 / e-parts are 
T-independent, and are cancelled by the 1-loop counterterms ^6mgip'^, jSXip"^. Since 
the bosonic field content of the 3d theory is the same as that of the original theory, 
the parts Cf'^ and Cy" are reproduced by the 3d theory. The coefficient of of the 
remaining terms determines the 1-loop result for m|, and the coefficient of v5^/4 the 
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1-loop result for A3. In this simple way, the couplings of the fundamental scalar sector 
in the effective 3d theory get fixed at 1-loop order. 

Next we go to 2-loop level, which is required for the mass mg. In general, there 
are three classes of diagrams (see, e.g.. Fig. 23 in |^) contributing at order g'^: the 
sunset diagrams, the figure 8 -diagrams, and the 1-loop counterterm diagrams. The 
counterterm diagrams can contain either the mass or the wave function counterterm. 
The general strategy is the same as at 1-loop level: from each bosonic diagram, one 
separates the contribution coming from the n = modes, since this contribution is 
reproduced by the 3d theory. The remaining part, analytic in the mass parameters, 
is not reproduced by the 2-loop diagrams of the 3d theory, and must hence be due 
to corrections to the tree-level parameters of the 3d theory. The fermionic diagrams 
do not appear in the 3d theory, but they are IR-safe, and hence directly produce 
terms analytic in the mass parameters, contributing to mg. We will first give the basic 
integrals appearing in the calculation, and then the results for the contributions of the 
superheavy modes to all the different types of diagrams that can appear. 

The bosonic tadpole integral is 



Ib{m) 



Kim) 



+ h(m) 



where Ib{m) is in eq. 



2D and the 3d integral is 



h[m) = T 



{2-nY p"^ + 



/i 



-2e 



(72) 



(73) 



The fermionic tadpole integral If{m) is given in eq. (p3D. The products appearing in 
the 2-loop diagrams, apart from inessential vacuum terms, are 
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167r2 
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-4e 
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The bosonic sunset integral is ^ 
Hb{mi,m2,m3) = 



1 



'pb,qb [p^ + m!f\ [g2 + ml] [{p + q)^ + mj 

T2 /I u 1 

^ + ln 



-4e 



167r2 V4e 
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(77) 
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where Hs{mi,m2,ms) is the corresponding integral in 3d. Using eq. ( pT|) one can 
see that the expression in the brackets on the last line actually vanishes, so that 
Hs^nii, 1712,1713) is the second line in eq. (fTTl). However, it proves useful to write 
Hh{mi, 1712,7173) in the form indicated. The fermionic integral 



Hf{mf,mf>,m) = T 

Jn 



'pf,qf + mj] [g2 + rrij,] [{p + g)^ + 



(78) 



vanishes 23 



There is also a third integral, L{mi, m2), appearing in the 2-loop graphs |^|. Apart 
from vacuum terms, it is given by 



L{mi,m2) 
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(79) 



where 



L3(mi,m2) 



i/3(mi)/3(m2). 



^0) 



However, this integral does not contribute to the integration over the superheavy scale 
in the Standard Model, since it is cancelled between the figure 8 and sunset diagrams 
containing only SU(2) vector fields (I'vv and I^vw below) 12^ 



Using the given integrals and results from [23| for the 2-loop diagrams, one can write 
down the contributions from the superheavy modes to all the possible types of 2-loop 
diagrams. We give here explicit results only for the simplest mass combinations in the 
propagators, relevant for Sec. ^; the results for the cases with other masses can be read 
by using eqs. ([7^)-(|77|) and Appendix A of As stated above, we need not bother 
about resummation. The results are 
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Psvv(m,M,M) = f 
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In the expressions for I'vvv and I'ffv; "we used r as a shorthand for —p — q. The tilde 
over "Pyvv Pyv indicates that the 3d-part of L{M, M) is not included. In eq. (p3D, 
5rnj = 2171 f 6m f. 

In addition to the diagrams mentioned above, one may calculate the thermal coun- 
terterm diagrams. According to eq. (|6^ , they give contributions of the form 

(94) 



-n^(o)J3(m), -n^„(o)/3(M). 



These contributions cancel the linear terms proportional to T'^I^{m)^ T'^I^{M) in 
eqs. (|8ll) -(|93D. After this cancellation, all that is left is terms proportional to the 
masses squared. Using eq. (|65D, such terms give the coefficient of i.e., the mass 

mg of the 3d theory. The counterterm contributions T>s{itl), T>y{M), Vpimf) do not 
cancel all the 1/e-parts from the other contributions, since there remains a 2-loop mass 
counterterm in the 3d theory 0. 



3.1.5 The couplings of the adjoint scalar sector 

The couplings of the adjoint scalar sector could be calculated from an effective potential 
as for the fundamental scalar sector, but for completeness we calculate them directly 
from Feynman diagrams. We make here just a 1-loop calculation. 
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The 1-loop diagrams needed for calculating the (AoAo)-correlator at vanishing ex- 
ternal momenta are shown in Fig. ^. We need two new integrals, obtained by taking 
the derivative of eqs. (^21), ( p3D with respect to T. With the accuracy needed, 
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Note that -Efe(O) is the constant part subtracted in the definition of Jqq in eq. (p4|). 
Using the integrals in eq. ( pSj) together with those in eqs. (|32|), (p^), the diagrams in 
Fig. H give 
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2E;(0) = ^, (97) 
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(99) 
(100) 
(101) 



For AVv> -^S' -^FF' ^'^^ integrand was obtained from eqs. (ID, (^), (H), 

and (0) by putting /c — > 0. In the final result, the 1/e-parts cancel between A^^ and 
w4gg . The constant term proportional to m| is of higher order, and the T^-terms give 
the desired 3d mass parameter. 

The diagrams needed for the (y4oAoAoAo)-correlator are shown in Fig. ^. They give 
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Again the 1/e-parts cancel when the correct coefficients are included, since there are 
no coupling constant counterterms in the 3d theory. 



3.2 Integration over the heavy scale 

The integration over the heavy scale proceeds analogously to the integration over the 
superheavy scale. Instead of an infinite number of excitations with masses ~ ttT, there 
are now a finite number of fields with masses m^i ~ gT . The heavy fields include, 
in particular, the temporal components of the gauge fields. The heavy fields are 
scalars in the effective 3d theory, so no gauge fixing is needed for the integration. The 
general form of the resulting theory differs from the starting point only by the absence 
of the heavy fields, so that the final theory is the light bosonic sector of the original 4d 
theory, but in three spatial dimensions. 

There are three kinds of vertices which the heavy field feels. The interactions 
with the spatial gauge fields follow from eq. (|25|) , and are of the form 

ig^r'''Al{v)A\{q)Al{T){v. - r,), glG%tm)KK. (HO) 
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where Gf^;^^ oc 5ij. Here denotes the dimensionful 3d gauge couphng, and the fields 
have also been scaled by T to have the dimension GeV^''^. In addition to eq. (|110|) 
there are different quartic scalar vertices. One of the scalar vertices, the quartic self- 
interaction of Aq, can be neglected, since the coupling constant is of order g'^, and would 
appear only inside 2-loop graphs where it is further suppressed by other couplings. 
The integration measure in 3d is denoted by 



(1111 



The Ao-propagator in the symmetric phase is 

{Ao{p)A,{-p)) = (112) 

The basic integrals needed are him), which is just eq. ( [7HD without T, together with 
B{k'^]mi,m2) and J'ij, defined by 
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Using these integrals, the task is to calculate the corrections from mj^to the parameters 
of the final theory in powers of g'^/m^,, where it is assumed that the light masses and 
momenta are m k g1. 

Let us start with wave function normalization. Since the fundamental scalar field 
interacts with Aq only through quartic vertices, there is no momentum-dependent 
correction from the Ao-field to the 0-correlator. Hence the normalization of does 
not change. The momentum-dependent correction to the Aj-correlator comes from the 
diagram with two internal Ao-propagators, and is, in analogy with Z^a, in eq. (^), 

. i2pi + k.i){2p, + kj) 



Zll = dp 



[p2 + ml] [{p + + ml] 



The heavy propagators are denoted by L. 
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To fix the gauge coupling, one can calculate the contributions of Aq to the {(f)(j)AiAj 
vertex. There are two types of diagrams, in analogy with ^^g* and Q^^^ in eqs. 
(E^). The contributions are 



5- - I'^W^-s^o 
e,,, . (117) 



It is very easy to calculate the 1-loop corrections to the parameters of the scalar 
sector, since the field one is integrating over is itself a scalar. Hence the diagrams can 
give just I^irriD) or i3(0; mc, "'^d)- For the mass parameter, one needs again a 2-loop 
calculation, and it is best to employ the effective potential. After the shift, the mass 
of the heavy field is of the form m| = m|, + /lav^^, where is the coupling of the 
(00AoAo)-interaction. The diagrams with heavy fields in internal lines do not exist 
in the final theory, so their effect has to be produced by different parameters in the 
action. One needs to expand the results of these diagrams in powers of m/m/? to such 
order that terms of the form m/^m and m? are kept. Constant terms proportional to 
m\) ar neglected. For the expansion, one writes 

mL = mD + -^^ + ... . (118) 
2 m£, 

There are four types of possible 2-loop diagrams, and they give 
Di^s{m) = I dpdq—^ \ — 

= h{mL)h{m) => — - — mDh{m), (119) 

Air 



(2 - 2e)/s(mi)/s(M) ^ -^moiziM), (120) 

Zn 



-Dlls("^) = J dpdq 



1 



[p2 + m|] [g^ + m|] [{p + g)^ + m^] 



i/3(m.,^„H-£(^ + ln^ + ^), (12i; 



n (M\ - ( A A (2p, + g0(2p, + g,)(%-^j 

/^LLV(M) - y ^P^?[p2 + ^2][^2 + M2][(p + g)2+< 

= (M^ - 4ml)Hs{mL, tul, M) + 2h{mL)h{M) - h{mL)h{mL) 



^ '-m^/3(M) 
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Here H3 is the i^s of eq. (^) divided by T^. The "hnear" terms proportional to 
mnl'iim) in Dym and Z^llv cancel each other, and those in Dls are cancelled by cor- 
rections from m^) to the mass of the scalar field inside 1-loop diagrams. This is in 
complete analogy with the cancellation of linear terms in the integration over the su- 
perheavy scale by the thermal counterterms. The actual effect then comes from the 
diagrams -Dlls and -Dllv- The 1/e-parts account for the change in the mass counter- 
term, and the rest gives the change in the renormalized mass parameter. 

4 Dimensional reduction in the Standard Model 

In this Section we add the correct coefficients, relevant for the Standard Model, to the 
generic results of Sec. 0. The coefficients are composed of combinatorial factors, group 
theoretic factors from isospin contractions, and of coupling constants. We also explain 
in detail how the final 3d theory is constructed. 



4.1 Notation 

We treat the Standard Model with the Iliggs sector 

= (D^$)^D^$-z/2<I>^$ + A(<I>1'$)^ (123) 

in the following consistent approximation. We take gy ^ ^ only for the top quark, so 
that the Yukawa sector is 



>Cy = gYiqi^tR + tR^^qi). 



(124) 



Here $ = ir2$*, T2 is a Pauli matrix, and $ is the Higgs doublet. The gauge couplings 
are denoted by g', and gs- We use the formal power-counting rule g'^ ~ g^, and keep 
contributions only below order g^. This allows one to neglect g'^ e.g. inside 1-loop 
formulas of vacuum renormalization, so that mw = rriz there. 



Most of the counterterms of the Standard Model can be read from eq. (All) of p3 



For completeness, let us state the bare parameters of the Higgs sector, since the terms 
proportional to A were neglected in 



A, 



A + 



B 



V 



(125) 
(126) 



Here the coupling constants have not been scaled to be dimensionless in contrast to 
Note that our convention for A differs from p3| additionally by the factor 6. Let us 
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also write down a few useful combinations of the bare parameters: 
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gY,BqL,B^BtR,B = gvqL^tR 



1 - 



-2e 



(4vr) 



(127) 
(128) 
(129) 
(130) 



Within our approximation, the Standard Model contains five running parameters, 
z/2(/i), g'^ifJ.), A(/i), gyifJ'), and g'si.lj)- The first four run at 1-loop order as 

1 / 9 r, „ , 2 



ajj, 
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d 2, . 

/i-^A(/i) 
an 



1 fSnp + Ns- 44\ 



«7r^ 
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(131) 
(132) 
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Here = 3 is the number of families and A^^ = 1 is the number of Higgs doublets. 
The running of the strong coupling gs is not explicitly needed for the present problem, 
since gs appears only inside loop corrections. The running of g'"^ is of higher order 
according to our convention. The fields A and ip run as well, and the formulas can 
be extracted, e.g., from eqs. (|T53)-(|I3g), (PTD-(P1D. 

To simplify some of the formulas below, we will use extensively the notation 

~ 9 ' 



h 



t 



(135) 



where mw, ttlh and are the physical W boson, Higgs particle and top quark masses. 
Inside 1-loop formulas one may use the tree level relations g'^h^ = 8A and g^t'^ = 2gY- 



4.2 Integration over the superheavy scale 

For the SU(2)+Higgs model, the formulas for dimensional reduction to order g^ have 
been given in 0. We add here the effect of fermions, and correct an error coming 
from p. 

Due to 3d gauge invariance, the effective 3d theory is of the form 

+h,^^<^AlAl + h',<^^<^B,B, - ]^g^g',B,<^^Alr-<^ }, (136) 
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where Gf- = ^^A^. - djAf + gae^'^'^A'^A"., Fij = diBj 



djBi, A$ 



{d, - tg3T''A^/2 + 

ig'^Bi/2)^, DiAl = diAl + ^3e"''"4^^o, and $ = (03 + i04,0i + i02)^/V2. The t^:s 
are the Pauh matrices. The factor 1/T multiplying the action has been scaled into the 
fields and the coupling constants, so that the fields have the dimension GeV^/^ and the 
couplings (7I, A3 have the dimension GeV. Due to the convention g'"^ g^, we can use 
/13 = g'^/4:, neglect the quartic coupling of -Bo-fields, and use the indicated tree-level 
values (73, (?3 in the part mixing Aq and Bq. The problem is to calculate the parameters 
in eq. ( |136| ) to order g'^ in the coupling constants. 

First, let us calculate how the 3d fields are related to the 4d fields. The momentum- 
dependent contribution of the superheavy modes to the two-point scalar correlator 



IS 



167r2 



[-^g^L, + 3glLj] 
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where the Z'^^s are from eqs. (|35|)-(p7D. For the spatial and temporal components of 
the gauge fields one gets 



= ^CT - Y^'^i, + 2g'Z^^ - 2npg'Z^^ - g'Z^, 



(138) 



where the Z^\ are from eqs. 



This gives 



Z 



(139) 
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The Z's here correspond just to 11 (0)/c^ in eq. (|1|). Hence the wave functions in the 
3d action are related to the renormalized 4d wave functions in the MS-scheme by 



(A 



1 + 



;^(Ao)1i + t4 
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T 



1677^ 

167r2 
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(141) 
, (142) 
(143) 



The factor 1/T arises because of the rescaling in eq. ( |136| ). The loop corrections to the 
normalization of Bq are of higher order according to our convention. When the running 
of fields in 4d is taken into account, 03, A^'^ and A^'^ are seen to be independent of /i. 

The constant —2/3 inside the square brackets in the formulas for A^'^ and Af'^ in 
eqs. ( |142| ), ( |143D is missing in 0, due to an error in eq. (6.3) in [^]. This error 



propagates to g^ and h^,; the correct result for g'^ is also given in eq. (6) of 

Second, let us calculate the 1-loop corrections to the coupling constants of the gauge 
sector. The couplings g^ and /13 can be extracted from the n ^ contributions to 



the 



■Ai)- and 



)ylo)-correlators at vanishing external momenta, respectively. 
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The corrections to the {(jxpBB)- and (00-Bo^o)-vertices are of higher order. The con- 
tributions from the relevant diagrams are in eqs. (|50|)-(]63D. The coefficients are such 
that 



This gives the effective vertices 



(144) 
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^g'^Lb + ^g^Lf 
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-g'U + ^gyLf + —g' + 12A - Qg'y 
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(145) 



where the fields are those of the 4d theory. When the fields are redefined according to 
eqs. ( |141| )-( p!^3D and the vertex is identified with the corresponding vertex in eq. ( |136| ), 
one gets the final result for the coupling constants (?| and h^: 
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As to the Higgs sector, the 1-loop unresummed contribution to the effective potential 
in Landau gauge is 



Vi{^) = Csimi) + 3Cs{m2) + 2Cv{mT) + Cv{^ml + ^t) + 3C^(mj), 
where the C's are from eqs. (|5^)-(|7T|). The masses appearing in Vi{({)) are 
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From the term quartic in masses in Vi (</)), one gets the n ^ contribution to the 
four-point scalar correlator at vanishing momenta. Redefining the field according to 
eq. ( |141| ), the coupling constant A3 is then 



A3 = A(/i)T|l-- 



3 g' 



167r2 



. (150) 



The coefficient of in Vi{(p) gives the 1-loop result for the scalar mass squared. 
The result is the term of order g"^ on the first line of eq. (|156|) . 



For the 2-loop contribution to the mass squared mg, one needs the 2-loop effective 
potential V2{ip). The diagrams needed for V2{ip) in the Standard Model are those in 
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Fig. 23 of [^], added by two purely scalar diagrams, the figure-8 and the sunset. In 
terms of eqs. (pl|)-(p3|), the result is 
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VFFY{mf,mf, iriT) + 4Pffv('"^/, 0, my) + (Sra^;' - 5)T'ffv(0, 0, itlt) 



3g^Vr^r,y{mT) - 4:glVFFy{mf,mf, 0) 
3 r 

Vssimi,mi) + 2r'ss(mi, ma) + 5X>ss('^2, "^2) 
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Psv(mi, mr) + 3Psv("^2, "^t)J - -g^VYy^niT, rrir 



(151) 



where the mass counterterms needed for calculating V^, T>y, and include those gen- 
erated by the shift. The ^^'s from the different diagrams cancel in the sum. The linear 
terms of the form T'^I^im) are cancelled by the thermal counterterms as explained after 
eq. (|5^). Apart from vacuum terms, the terms with 1/e's combine to ^'^ /2 multiplied 
by 

T2 /i-4v81 



—g^ + 9\g^ - 12A^ 



(152) 
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which is the order ^'''-result for the mass counterterm of the 3d theory. However, 
one can add higher-order corrections to the mass counterterm by calculating the mass 
divergence directly in the 3d theory, obtaining 
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gj + 12hgl - 6hl + dX^gj - UXj 



(153) 



This agrees to order g"^ with eq. ( 152 ) and is the final result for 6ml. 

Summing the finite contributions in eq. ( |151| ), one gets the expression for the renor- 
malized part m|(/i) of the mass squared. With the shorthand notations 
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the result after redefinition of fields is 
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Here, as in eq. ( |153| ), we have taken into account higher-order corrections in the loga- 
rithmic term. 

The parameters ml and \a require the calculation of the effect of n 7^ modes 
on the (BoBq)-, (AoAq)- and (AoAoAoAo)-correlators at vanishing momenta. Using 
eqs. (p6|)-( |T0l|) , the two-point correlator for the U(l)-field Bq is 
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For the SU(2)-field Aq, one gets 
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Using eqs. ( p.02| )-( p!09| ), the four-point correlator is 
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Since there is no tree-level term corresponding to the correlators in eqs. ( |157| )-( p!59D , 
the redefinition of fields in eq. ( |142| ) produces terms of higher order. The final results 
can then be read directly from eqs. ( |157D -( P^ ): 
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In principle, the mass mj^ should be determined to order g^ to be compatible with the 
accuracy of vacuum renormalization. We have, however, not made this calculation, 
since the effect of (7 ^-corrections to mj^ contributes in higher order than g^ to the Higgs 
field effective potential V{(p), which drives the EW phase transition. 

Using eqs. (|131|) - (|134|) , one sees that the quantities g^, h^, A3, z/^ and (jy are inde- 
pendent of fi to the order they are presented above. In other words, when the running 
parameters 5'^(/i), '^^(/i), A(/i) and 5'y(/i) are expressed in terms of physical parameters 
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in Sec. the /x-dependence cancels in the 3d parameters. The //-dependence of A^, 
m|i is of higher order, as well; actually m% runs only at order . Note also that the 
/i in m|(/i) is independent of the fi used in the construction of the 3d theory (although 
the notation is the same), since the bare mass parameter m\{^) + 5m\, being the sum 
of eqs. (|153|) and (|156|) , is independent of /z. 



4.3 Integration over the heavy scale 

The action in eq. (OS) can be further simplified by integrating out the Aq- and Bq- 



fields. The masses of these fields are of the order gT and g'T ~ g^^'^T, respectively. 



The resulting action is of the form in eq. ( |136| ) with the Aq- and -Bo-fields left out and 
the parameters modified. There are no infrared divergences related to this integration, 
either, since the Aq- and -Bo-fields are massive. We denote the new parameters by a 
bar. For the SU(2)-Higgs model, the relations of the old and the barred parameters 
have been given in 0. 

The calculation of the barred parameters proceeds in complete analogy with dimen- 
sional reduction. At 1-loop level, there is no momentum- dependent correction from 
the heavy Aq- and -Bo-fields to the 03-correlator, so that 03 = 03. The momentum- 
dependent correction to the Aj-correlator is 

- alztL (163) 

where Z^i is from eq. ( |115D , so that 



The field -Bo does not get normalized, since -Bo and -Bj do not interact. 

To find ^1, one can evaluate the two diagrams with Aq in the loop contributing to 
the (03)^(y4f'')^-vertex. In terms of ^ll and ^lll in eqs. (|116|) - (|117|) , the result is 



Hence 
which gives 



gl5ij - ShsglQi^i^ + 8/i35(3^lll = gi^ij. (165) 
9mi = 9M{Arf, (166) 

The coupling g'^ does not get normalized, since -Bq and -Bj do not interact. 
The 1-loop corrections to the scalar coupling constant are 

- 3hlBiO;mn,mD) - ^glg','BiO;mn,m'^) - ^g'^BiO^m'^^m'^). (168) 

This gives 

A3 = A3 - — 3^ + -|V + ,t r M • 
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The 1-loop corrections to the scalar mass parameter are 



(170) 



giving the first hne in eq. ( |174| ). To calculate the 2- loop corrections, one needs the effec- 
tive potential. The 2-loop contribution from the heavy scale to the effective potential 
is 



Di,s{mi) + 3Dls("^2) + 3fi'|-DLv("^T) 
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-3/I399 DlLs("^i) - -5'3^LLv(mT) 



(171) 



where the D's are from eqs. ( |119| )-( p!2^ ) and we used g'^ ~ g^. The 1/e-parts modify 
the mass counterterm of eq. (|1 53|) to become 
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However, one can again include higher order corrections by calculating the counterterm 
directly in the final theory, getting 
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Finally, the renormalized mass parameter m|(/i) is 
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where we used eq. ( |156| ) and included higher order corrections in the logarithmic 
term on the last line. Eq. ( p.74| ) completes the evaluation of the couplings of the 
3d SU(2)xU(l)+Higgs theory. 
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5 Relation of the MS-scheme and Physics in the 
Standard Model 



In Sec. ^ we have given the relations of the running parameters in the MS-scheme 
to the parameters of the effective 3d theory with accuracy g'^. For this accuracy to 
be meaningful, the running parameters in the MS-scheme should be expressed with 
accuracy in terms of true physical parameters, like pole masses. We give these 
relations in the present Section. 

The accuracy g"^ requires 1-loop renormalization of the vacuum theory. The 1-loop 
renormalization of the Standard Model is, of course, a well studied subject. Usually, 
however, one does not use the MS-scheme we have employed above, but the so called 



on-shell scheme pO| , |31| , p^ , p3| . In the on-shell scheme, the divergences appearing in 
the loop integrals are handled with dimensional regularization as in the MS-scheme, 
but the finite parts of the counterterms are chosen differently. Indeed, the renormal- 
ized parameters are chosen to be physical and independent of fi. For instance, the 
renormalized mass squared of the scalar field is u^^ = and the gauge and scalar 

couplings are given by 

2 _ „'2 _ ^ X _ 9os /-|7f-N 

i/os 2 ' yos 2 ' °^ Q 2 ■ \^''~') 

Here uih and mw are the physical pole masses of the Higgs particle and the W boson, 
and 



2 _ A _ _ 

e^g = Aira, Cw = , Sw = \ 

mz \ 



1 - 4^, (176) 
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where a is the electromagnetic fine structure constant defined in the Thomson limit, 
and mz is the physical pole mass of the Z boson. The parameters cw and sw are just 
shorthand notations without any higher order corrections. 

To convert results from the on-shell scheme to the MS-scheme, let us note that 
since all physical quantities derived in the two schemes are exactly the same, the bare 
Lagrangians, including the counterterms, must be the same. In particular, all the bare 
parameters of the theories must be the same (often the wave function renormalization 
factors are not even needed, see e.g. |0). For the gauge coupling this means 



gl = /(/i) + 5/(/x) = gl + 6gi, (177) 

that is, 



The counterterm 6g'^{fi) of the MS-scheme cancels the 1/e-parts in ^g"^^, so that eq. (|178|) 
is finite. In this way, the running parameters in the MS-scheme can be expressed in 
terms of physical parameters. We shall work out the explicit expressions in some detail 
below; the reader only interested in the final numerical results for the 3d parameters 



in terms of the physical 4d parameters may turn to Sec. |0 . 
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5.1 The parameters and g''^ in terms of physical param- 

eters 



The expression for ^g\^, determining g^^n) through eq. ( |178|) , can in principle be read 
directly for example from eq. (28. a) in |3^. With our sign conventions, the equation 
reads 
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Here 11 means the unrenormalized but regularized self-energy. This equation is gauge- 
independent, since 5eos and the self-energies at the pole are However, a reliable 
estimate of eq. ( |179D cannot be given purely perturbatively, since the expression for 
5eos contains the photon self-energy li^iji^) / k"^ evaluated at vanishing momentum /c^. 
Indeed, Yi^{hP')/k'^ includes logarithms of all the small lepton and quark masses, as is 



seen e.g. in eq. (5.40) of |3^. This indicates that strong interactions are important 
for Scos- There exists a standard technique of expressing the hadronic contribution 
to (5eos in terms of a dispersion relation, and hence Scos is known with very good 



accuracy |3^ in spite of strong interactions. We find it convenient, though, to 
write the expression for 5g1^ in a form somewhat different from eq. ( |1 79| ) , so that 5eos 
is not directly visible. Such a way is expressing 5g1^ in terms of the Fermi constant G^. 

, ET], in terms of the muon lifetime by 



The Fermi constant is defined 
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The a-corrections here account for the QED-corrections to muon decay in the local 
Fermi-model. On the other hand, calculating the muon lifetime in the Standard Model, 
one gets a prediction for the of eq. ( |180| ) pO| , pT| , p2| , Q : 
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Here Ar depends on the parameters of the Standard Model. Using eqs. (28. a), (34. b) 



of [0, the 1-loop expression for Ar in the on-shell scheme in the Feynman-i?g-gauge 
can be written as 
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This equation can also be extracted from 

(3.17), (4.18), (A.l), (A.2) and (B.3). Let us note that the value of eq. 
and gauge- independent, since Ar is a physical observable. In addition 



as a combination of eqs. (3.8), (3.16), 

T82D is finite 

^9ls/9os and 
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w> 



are gauge- independent. However, Hvy(O) is not gauge- independent, and 



eq. (|182|) as a whole holds only in the Feynman-i?^ gauge. 
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Usually eq. (|182D , with 5g^^ plugged in from eq. (|179|) and g^^ from eqs. (|175|) , (|176|) , is 
used in determining mw from eq. ( |181| ) in terms of the very precisely known parameters 
Gn and m^, and the masses and inn [H? IH]- For fixed irit and m/^, the estimated 



uncertainty in the value of my/ determined this way is only of the order of 0.01 GeV 



34| , |35| , |36| . This is much smaller than the present experimental uncertainty in the W 
mass, mw = 80.22 ± 0.18 GeV [0]. In other words, with the present accuracy in the 
determination of mw-, one should replace mw as an input parameter with the hadronic 
contribution to 5eos- The mw obtained this way is shown in Table ^]l] as a function of 
mt and mn for as = 0.125. 



Table 1: The mass mw as a function of mt and mu according to [^. The 
uncertainty in mw is about 0.01 GeV for fixed mj, mu |3^, |5B[ ]. 
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When mw is fixed, either from Table 1 or in the future from experiment, Ar is 
known from eq. ( |181j ), and 5g1^ can be solved from eq. (|182|) in a simple form. Using 
eq. ( |178| ), one then gets 
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Here we used g 



12 



(7^, and defined g^ 



m%/ 



g1s/{l — Ar). The reason for 



using gl as the tree-level value instead of g1^ is that for g'^^ there would be a rather 
large correction Ar in the 1-loop formula, indicating bad convergence. For instance, for 
mw = 80.22 GeV, Ar = 0.045. The physical reason ^ |3^ for the large correction 
is that (^Qg is defined in terms of the fine structure constant a measured at vanishing 
momentum scale, whereas the momentum scale of weak interactions is m^. With g^, 
the 1-loop correction is extremely small for /i ~ mw- 

The function F{k] mi, in eq. ( |183| ) has been defined in |^, and its explicit form 
is given in eq. (|187|) . Note that from eqs. ( |182|) and (|183|) one can see that there are no 
dangerous logarithms in HwiS^) I'^w contrast to n^(0)/A;^, since any such logarithms 
are suppressed by rrij/m^. Eq. ( |183| ) is the final result for g'^^jj) in terms of physical 
parameters. 

In analogy with the definition for g^, we define the U(l) coupling to be 
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(184) 
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instead of g'^^. The value of g''^ is larger than the value of g'^^, corresponding again 
roughly to oem running from the Thomson limit = to the electroweak scale. 



5.2 The parameters A(;u), and gyif^) in terms of physical 

parameters 

The parameters A(yu), and gyifJ') could be determined from the precision calcu- 

lations in the on-shell scheme just as g'^{iJi)- For illustration, however, we will calculate 
the 1-loop corrections to the tree-level values 

A = i=G,< = f^, ,^ = 2y2GX = f4 (185) 
y Z o z m 



= —m 



Hi 



w 



in some more detail. 

To calculate A(/i), and gy^tj) at 1-loop level, one has to calculate the 1- 

loop corrections to the propagators of the Higgs particle, W^-boson and top quark in 
the broken phase, and extract from these the pole masses. The diagrams needed are 
shown in Fig. ^. To go to the broken phase, the Higgs field 0i is shifted to the classical 
minimum where ip^ = z/^/A. The masses appearing in the Feynman rules are denoted 
by ml = 2i/^ for the Higgs field, = g'^u'^/AX for the VT-boson, and rrij = gyv"^ /2\ 
for the top quark. The radiatively corrected 1-loop propagators are then of the form 

= 2 ^ TT ^ 2^ ' 

+ mf — iiuip ) 

{Al{-p)Al{p)) = - PmPv/p' ^ longitudinal part (186) 



(vl/,(p)vl>^(p)) 



i^ + rrif + i^S^(p2) + i^^T^aip'^) + m/S^(p2 



a/3 



To give the results for the radiatively corrected propagators, we use the function 
F{k; mi, 7712) defined in ||3^. For |mi — < k < mi + m2, F{k; mi, m2) is 



m| — m2 mi mf + mg mi 



F(A;;mi,m2) = I - ^^^—^ \n '-^ + ^^^^-^ \n '-^ (187) 

/c^ m2 mf — 1712 ^2 
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— y (mi + m2)^ — k'^yk'^ — (mi — m2)^ arctan ■ 
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and has the special values 



2 _ j,2 ^2 — f 

F( mi, mi, 1712) = 1 — In r — 2r'\/4 — arctan , 

1 — V 2 + r 



F{mi;m2,m2) = 2 — 2V Ar"^ — 1 arctan —= 



F{m;m,m) = 2 



TT 
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where r = 7712/ rrii. We also need the analytical continuation 



F{mi; 1712, 0) 



l + (r^-l)ln(l--). 



;i89) 



For rriH < 2mw, the only formula needed in the region where it develops an imaginary 
part, is F {mi, 1712,0). 

With the help of F{k; mi, m2), one can write down the special values 
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+ 16^ + 4(40n^-17) + ^(l-^n^)ln(-l-ze)l, (191) 
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(192) 



Here we again used notation from eq. ( |135| ). The expressions ( |19(J| )-( P!^ ) are gauge- 
independent, and are the only values of IIj:^, Iliy and the S's that will be needed here. 
The value of nv(/(— m^) can be extracted from and that of nj7(— m|^) from |3B . 
As a check, we have explicitly verified the gauge-independence of Ilw{—^w). 

Numerically the dominant terms in eqs. (|190|) - (|192|) are the fermionic contributions 
IGt^/h"^ and —32{t^/h?) ln(/i/mf). These terms come from the fermionic tadpoles, and 
from the fermionic loops in the Higgs and ly-boson correlators. The fermionic terms 
are large because mt/mw is large, and hence the gauge coupling is large: 9y ~ 1.0. 
Consequently, higher order fermionic corrections are rather important. 
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With eqs. ( p.9CI| )- (|192|) and (|183|) , one can express A(/i) and 5'y(/i) in terms 

of physical parameters. To do so, the physical pole masses have to be extracted from 
eqs. (|186|) . For the Higgs particle and W^-boson, this is straightforward. For the top 
quark, the 1-loop equation for the physical mass rrit is 

u{p)W + + i^^vi-m^) + i^^^T.a{-m]) + mflls{-m1)]u{p) = 0. (193) 

Here u{p) is an asymptotic spinor satisfying (i^ + mt)u{p) = 0. In eq. ( |193| ), the 
factor Eq multiplying 75 does not affect the physical mass, since u{p)'^^u{p) = 0. The 
factor Sa would have an effect if the top mass were determined from the requirement 
that the determinant of the inverse propagator vanishes, in which case Sq produces 
an unphysical imaginary part to the self-energy even for rrit < mw- Physically, the 
reason why the top quark can be considered an asymptotic state, is that the time 
scale r ~ m^/m^ of weak interactions is much smaller than the scale 1 fm of strong 
interactions. 

Evaluating the expressions for the Higgs particle, W boson, and top quark masses, 
and expressing mi, rrij' and in terms of the coupling constants, one can then solve 
for the parameters A(/i) and 5'y(/i). The results are 
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-rri-t 



Here Sg (fi) is the renormalized 1-loop correction in eq. (|183| ). The //-dependences in 



eqs. ( |194D naturally reproduce those in eqs. (|131|) -( |l3^ ). We will not write down exphc- 
itly the expressions in eq. ( 194 ), since we did not find any significant simplification in 
the final result, apart from the /i-dependent terms. Together with eqs. ( |183| ) and (|184|) 
and the value as = 0.125, eqs. (|194|) complete the relation of MS to Physics. 



5.3 Numerical results for the parameters of the effective 3d 
theory in Standard Model 

In Sees. ^TT| and we have expressed the five parameters g'^{f^), g''^, '^^(/i), A(/i), 
and gyif^) in terms of the five physical parameters G^, mw, fnz, mn and m^. In 
addition, due to the large experimental uncertainty in my/, we replaced my/ as an 
input parameter with the hadronic contribution to the photon self-energy through 
Table 1. We have then four parameters left: the very well known G,j = 1.16639 x 10^^ 



GeV-2 PI, mz = 91.1887 GeV Bl, the less well known = 175 GeV m, and the 



unknown mn- We shall fix mt and use the Higgs mass as a free parameter. Then we 
can calculate the parameters of the effective 3d theory in terms of mn and T. 

We do not write down the formulas for the 3d parameters in terms of the physical 
4d parameters from eqs. ( |183| ), ( |190| )-( p!92D , (|194| ) and Sees. ^]2|, explicitly, since we 



found no significant simplification in the final result apart from the In /x-terms. 
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Numerically, the properties of the 3d SU(2) xU(l)+Higgs theory relevant for the EW 
phase transition can be presented as a function of the physical parameters through a 
few figures. First, put mz rriw so that g' = 0. Then the final 3d theory has three 
parameters: the scale is given by g^, and the dynamics is given by the two dimensionless 
ratios x = As/^f, y = fh\{g1)/g^. The scale g1 is given as a function of rriH and T in 
Fig. 1^, and the parameters x and y are given in Fig. |^. The phase diagram of the theory 
with the parameters x, together with the values of the latent heat, surface tension 
and correlation lengths in units of have been studied with lattice MC simulations 



m 



Finally, one has to account for the effect of the U(l)-subgroup on the EW phase tran- 
sition. Since there are no lattice simulations available for the 3d SU(2) xU(l)+Higgs 
model, the best one can do is to estimate the effect of the U(l)-subgroup perturbatively. 
In Fig. ^, we display the percentual perturbative effect of the U(l)-subgroup on the 
critical temperature T^, the vacuum expectation value of the Higgs field f , the latent 
heat L, and the surface tension cr as a function of the physical Higgs mass. Using the 
non-perturbative values for the case g' = Q from [5^, one can then derive results for 
the full Standard Model. 



5.4 The effect of higher-order operators 

In Landau gauge in the Standard Model, the dominant 6-dimensional 0^-operators 
related to the integration over the superheavy scale are 

O^) - 3C(3) g^' 

~ 16384^1^' ^^^> 
^(6) 7C(3)(7f.06 



These follow from eq. ( |67D in Sec. |^. A complete list of the dominant fermionic contribu- 
tions to the other 6-dimensional operators has been worked out in [^]. The dominant 
0^-operator related to the integration over the heavy scale is 

^hcavy io2407r ' ^ ' 

The 6-dimensional operators are neglected in the effective theories discussed in this 
paper, and their importance has to be estimated. 

It is rather difficult to estimate the effect of the 6-dimensional operators compre- 
hensively, apart from the powercounting estimate in Sec. |^. What can be done easily, 
though, is an evaluation of the shift caused by the 0^-operators in the vacuum expecta- 
tion value of the Higgs field. A generic 6-dimensional operator O^^^ = c0^/T^ produces 
the term 6V = cip^/T"^ to the effective potential V{(p). Through 

V'{ip + 6ip) + 6V'{^) = 0, (198) 

the relative shift induced is 

Sif 5V' 3c if'^ 



if ipV" A T2 ' 



(199) 
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where it was assumed that V"{ip) ~ 2\ip'^. For rriH ~ mw so that A ~ g'^/8, the 
coefficients 3c/ A in the Standard Model following from eqs. ( |195| ), ( p.96| ), ( |197| ) are 



lo-^ C4] ~-lo-^ f^) ~io-. (200) 



A/32 \A/g2^ \A / heavy 

The contributions from the top quark are seen to be dominant, and in the region 
where ip/T ~ 1, the effect of the corresponding 6-dimensional operator is of the order 
of one percent. Note that from the point of view of the 6-dimensional operators, 
the integration over the heavy scale is relatively better than the integration over the 
superheavy scale, although in terms of powers of coupling constants, the accuracy is 
worse. We conclude that the final 3d effective theory for the light fields should give 
results accurate within a few percent for all thermodynamic properties of the phase 
transition, like the latent heat, the surface tension, and the correlation lengths. For 
the critical temperature, the accuracy should be an order of magnitude better. In the 
pure SU(2)+Higgs theory without fermions, the accuracy of the theory with light and 
heavy fields should be better than 1% for all thermodynamic properties. 



6 Discussion 

The set of diagrams described and computed in Section 3 is sufficient to make a di- 
mensional reduction of a large class of theories. In particular, it can be used for a 
construction of an effective 3d theory for different extensions of the Standard Model. 
Below we will argue that in many cases the effective theory appears to be just the 
SU(2)xU(l)+Higgs model. We do not attempt to carry out the necessary computa- 
tions here and discuss the general strategy only. 

Let us take as an example the two Higgs doublet model. The integration over 
the superheavy modes gives a 3d SU(2)xU(l) theory with two Higgs doublets, one 
Higgs triplet and one singlet (the last two are the zero components of the gauge fields). 
Construct now the 1-loop scalar mass matrix for the doublets and find the temperatures 
at which its eigenvalues are zero. Take the higher temperature; this is the temperature 
near which the phase transition takes place. Determine the mass of the other scalar at 
this temperature. Generally, it is of the order of gT, and therefore, is heavy. Integrate 
it out together with the heavy triplet and singlet - the result is the simple SU(2)xU(l) 
model. In the case when both scalars are light near the critical temperature a more 
complicated model, containing two scalar doublets, should be studied. It is clear, 
however, that this case requires some fine tuning. The consideration of the phase 
transitions in the two Higgs doublet model on 1-loop level can be found in [^, 

The same strategy is applicable to the Minimal Supersymmetric Standard Model. 
If there is no breaking of colour and charge at high temperature (breaking is possible, 
in principle, since the theory contains squarks), then all degrees of freedom, excluding 
those belonging to the two Higgs doublet model, can be integrated out. We then return 
back to the case considered previously. The conclusion in this case is similar to the 
previous one, namely that the phase transition in MSSM can be described by a 3d 
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SU(2)xU(l) gauge-Higgs model, at least in a part of the parameter space. A 1-loop 
analysis of this theory was carried out in H, H5|, E6|. 



The procedure of dimensional reduction will give an infrared safe connection between 
the parameters of the underlying 4d theory and those of the 3d theory. The latter can 



then be studied by non-perturbative means, such as lattice Monte Carlo simulations ^ 
|S|,0,|g,g. 
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Figure 1: The 2- loop graph (a) relevant for calculating the dimensionally reduced mass 
parameter in the "integration out" -procedure, and the additional graph (b) needed in 
the "matching" procedure. The thick lines are superheavy fields, and the thin dashed 
lines light fields. 
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-o- -o- 

(a) 

AA^ )w 'vx^l^^^^^w "^^^^^^^j^ 'V\^^^^^^^A- 

(b) 



Figure 2: The diagrams needed for the dimensional reduction of (a) the wave function 0, 

and (b) the wave functions Ai and Aq. Dashed hue is a scalar propagator, wiggly line a 
vector propagator, double line a ghost propagator, and solid line a fermion propagator. 
The bare blob indicates the wave function counterterm. 




Figure 3: The diagrams needed for calculating the 3d couphng constants gl and hs. 
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'V^ )\A/ 'VN^I^^^I^W '\A,^^^^\A. 



Figure 4: The diagrams needed for calculating the 3d mass of the temporal components 
of the gauge fields. 



I I 






Figure 5: The diagrams needed for calculating the quartic self-coupling of the temporal 
components of the gauge fields. 
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Figure 6: The diagrams needed for calculating the pole mass of (a) the Higgs particle, 
(b) the W boson and (c) the top quark. Curly line is the gluon propagator. For scalars, 
the counterterm indicated by the bare blob contains both the mass counterterm Su^ 
and the counterterm from wave function renormalization. For vectors and fermions, 
the bare blob contains only the counterterm from wave function renormalization. The 
blobs with the short lines attached denote counterterms generated by the shift. 
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Figure 7: The scale of the 3d SU(2)+Higgs theory divided by the temperature T, 
as a function of rriH and T. The dependence of g^/T on niH is caused by 1-loop 
corrections including the Higgs particle, and by the implicit dependence of mw on uih 
through Table 1. The dependence on temperature is caused by the logarithmic running 
in eq. (|14|). 
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Figure 8: The dimensionless dynamical parameters x = Xs/gl and y = ^77.3 (^3)/^! of 
the 3d SU(2)+Higgs theory as a function of ttih and T. The parameter x depends on 
temperature only through logarithmic 1-loop corrections. The tree-level value for the 
critical temperature Tc is given by the line y — 0, and the true Tc is rather close to this 
line. 
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Figure 9: The percentual perturbative effect of the U(l)-subgroup on the critical tem- 
perature Tc, vacuum expectation value of the Higgs field v{Tc)/Tc, latent heat L/T^, 
and surface tension cr/T^ as a function of the Higgs mass. For v/T ^ we have used the 
gauge-independent definition u^/T^ = 2($3<I>3)/T. The surface tension is defined with 

the tree-level formula cr = J dip^2V{ip). The effective potential V{ip) here is the RG- 
improved 2-loop effective potential for the Higgs field in the 3d SU(2)xU(l)-|-Higgs 
theory (with the convention g''^ ~ g^). 



49 



